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PART  I 


SATURATION 


1.   Introduction 

The  purpose  of  this  report  is  to  describe  an  investigation  of 
junction  transistor  behavior  under  saturation  conditions.   It  wa.s  not  our 
purpose  to  obta.in  statistical  data,  of  any  sort,  but  ra.ther,  to  a.cquire  some 
insight  into  the  physical  phenomena  involved  in  saturation.   Most  important 
of  all,  we  wished  to  find,  even  if  in  a,  qualitative  way,  the  relative  impor- 
tance of  the  physical  phenomena  involved' in  saturation  on  the  general  degenera 
tion  of  transistor  properties. 

With  this  purpose  in  mind,  we  decided  to  measure  the  small  signal 

parameters  of  the  equivalent  circuit  of  Fig  1.  as  functions  of  I  and  V_, 

E      C 


Figure  1.   Equivalent  Circuit 

the  biasing  emitter  current  and  collector  voltage,  beca.use  these  are  the 
parameters  that  best  represent  (in  a,  first  approximation)  the  physica.l 
properties  of  the  transistor. 

However,  direct  measurement  of  these  parameters  is  not  practi- 
cal, so  it  was  decided  to  measure  the  small  signal  admittance  parameters 

directly  and,  from  these,  to  compute  the  values  of  r  ,  r  ,  r  '  a.nd  a.   For 

E    B    0 

this  purpose  we  constructed  an   instrument  which  will  be  presently  described, 
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Our  next  objective  was  to  calculate  the  theoretical  values  of 

these  parameters  as  functions  of  I  a.nd  V  from  standard  junction  tran- 

E      C 

sistor  theory  a.nd  check  these  theoretical  results  a,ga.inst  experimental 
results.  We  arbitrarily  selected  mesa,  transistors  of  the  type  GF-U5011 
as  samples  for  the  experiment . 


■pi 

In  measuring  y,  „  =  — 

12   VC  'VE 


0  andy22 


v   v 
C  I  E 


,  we  noticed 


that,  much  to  our  surprise,  i  wa,s  larger  than  i  for  certain  values  of 

I  and  V_.  This  super -saturation  effect  of  reverse  current  gain  only 
Jli       G 

occurs  at  high  values  of  I_  (typically  I_  =  50  ma,)  and  low  va.lues  of  V 

a  Hi  L/ 

(typically  V_=  0.5v),  is  very  critical  with  respect  to  variations  of  I  , 
V_  and  temperature,  and  does  not  seem  to  occur  for  every  kind  of  tran- 
sistor; up  to  the  moment  we  were  only  able  to  notice  it  in  the  GF-45011 
a.nd  at  different  current  and  voltage  levels,  in  the  S-l66. 


2.   Measurement  of  Admittance  Parameters 

The  admittance  parameters  were  chosen  beca.use,  with  the  mea.ns 
at  our  disposal,  we  could  better  approximate  AC  short  circuit  conditions 
than  AC  open  circuit  conditions. 

Since  a,  series  of  measurements  was  needed,  the  instrument  wa.s 
to  be  practical,  and  still  furnish  an  acceptable  accuracy. 

A  short  circuit  condition  can  be  approximated  by  means  of  a, 
high  gain  amplifier  with  feed  ba.ck,  a.s  illustrated  in  Fig.  2. 


& 


e0  =  'KeL 


Figure  2 .   Measurement  of  Output  Current 
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It  is  seen  that  Z_  =  — 
L   i. 


e   -  e 
L    0 


=  R 


(1  +  K)eL  ' 


i.e. 


1  +  K 


So  that,  if  K  is  positive  and  large  we  will  have 


(1) 


7  a  - 
ZL  3K 


(2) 


Furthermore, 


eo  =  "kzlV  ^^ 


K 


1  RlL 


(3) 


So  that,  if  K  is  large, 


e6  "  "R1L 


w 


This  provides  us  with  a.  means  of  measuring  i  in  the  case  where  e  is  very 

J_i  J_i 

small  by  measuring  e  ,  and  R,  which  ca,n  be  selected  once  and  for  alio 

A  slight  modification  of  this  scheme  allows  us  to  measure  input 
currents  also,  as  is  shown  in  Fig.  3- 


Figure  3*  Measurement  of  Input  Current 
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(a)      Measurement  of  y 


11 


(b)      Measurement  of  y 


12 


y 


11  "    e. 


y12       e2 


(c)     Measurement  of  y 
1 


21 


y21       e. 


2 

:1 


(d)     Measurement  of  y 


22 


7. 


22   e. 


Figure  h.      Y-Parameter  Measurement 
All  meters  are  VTVM's 
-k- 


Here, 


e^  =  +  T7 7"  Rl-  ; 

0     K  +  1   in7 


So  that,  if  K  is  large, 

en  3  Ri.  .  (5) 

0     in 

Consequently,  the  four  admittance  parameters  can  be  mea.sured  with 
the  arrangements  shown  in  Fig.  h. 


3.   Direct  Measurements  of  r  and  (r  +  r  ) 

a  LB 

As  explained  in  Section  k,    it  was  necessary  to  mea.sure  r  a.nd 

(r  +  r  )  directly.  This  wa.s  easily  done  as  follows: 
C     B 

The  emitter  of  the  tra.nsistor  was  hia,sed  from  the  collector  of 

another  transistor,  so  that  the  AC  load  impedance  (at  the  emitter  side) 

seen  from  the  collector  would  be  very  large. 

An  AC  current  (small  signal)  i  wa.s  fed  into  the  collector,  and 
then  the  collector  a.nd  emitter  voltages  were  measured.   See  Fig.  5. 

h.      Comments 

Obviously,  the  feedback  resistors  R  and  R  ,  respectively,  in  the 
measurements  of  y„„  and  y   are  superfluous,  but  even  with  them  present 
the  input  impedances  of  the  amplifiers  are  so  low  that  it  is  not  necessary 
to  eliminate  them,  a.nd  the  instrument  is  simpler  if  we  let  the  feedback 
resistors  connected  once  and  for  a.ll  to  the  amplifiers.   Using  these  ideas, 
we  constructed  an  instrument  in  which  a,  bias  emitter  current  up  to  +  100  ma,, 
and  a.  collector  voltage  up  to  +  5  volts  could  be  applied  to  a.  transistor. 

The  amplifiers  were  two  Philbrick  K2-W  operational  amplifiers, 
which  are  difference  amplifiers  with  a  nominal  gain  of  15,000  (open  loop), 
and  the  feed-ba.ck  resistors  were  of  lkT2.   Input  capacitors  of  100  juf  had  to 
be  used  with  the  amplifiers  to  avoid  the  practical  difficulties  of  keeping 
the  amplifiers  ba.llanced.   Since,  at  the  desired  output  voltage  levels,  the 
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Figure   5-      Measurement  of  r     and   (r     +  r    ) 

D  0       D 


(rB  +  rc}  =  r 


Observe:   Collector  biasing  circuit  not  shown 
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K2-W  cannot  handle  the  currents  required  by  a  Ikft  feedback  resistor,  each 
amplifier  fed  a  transistor  emitter -follower  from  which  the  feedback  was 
taken . 

Switches  provided  for  the  measurement  of  all  voltages  (output 
voltages  corresponding  to  currents  in  ma)  with  the  same  voltmeter,  and  for 
the  insertion  of  the  voltage  source  e  (transformer  secondary)  at  the 
desired  point  (emitter  or  collector). 

The  emitter  biasing  arrangement  was  as  shown  in  Fig.  5,  so  that, 

by  merely  disconnecting  the  difference  amplifier  at  the  emitter  side  of  the 

test  transistor,  r_,  and  (r_,  +  r  )  could  be  measured  as  explained  in  Section  3. 
B       C     B 

5.   Experimental  Results 

(a)  General  Remarks 

Measurements  were  ma.de  at  a.  frequency  of  500  cps. 

Short  circuit  voltage  vs.  current  measurements  furnish  Table  1, 
where  the  region  of  saturation  is  determined. 

In  the  region  labeled  "Not  Saturated",  the  parasitic  capacitive 
current,  even  at  the  low  frequency  used,  is  of  the  order  of  magnitude  of  the 
transistor  currents,  so  the  results  are  meaningless.   This  is  so  because 
the  impedance  level  of  r  is  large,  and  the  parasitic  capacitances  of  the 
instrument  were  also  relatively  large . 

This  is  irrelevant  since  we  are  concerned  only  with  the  saturation 
region,  where  the  impedance  levels  of  the  transistor  are  much  lower  than  the 
impedance  levels  of  parasitic  capacitances.  So,  in  the  remaining  tables,  we 
consider  only  the  saturation  region. 

The  region  labeled  "super-saturation"  is  divided  into  two  regions 
labeled  |G  |  <  1  and  |G  |  >  1;  in  the  latter,  another  phenomenon  occurs: 
The  alternate  current  fed  into  the  collector  is  amplified,  -  and  a.  larger 
current  is  measured  from  the  emitter.   This  effect  oversha.dows  the  measure- 
ments of  parameters,  so  we  eliminate  this  region  from  our  study  of  satura- 
tion.  This  supersaturation  phenomenon  of  backward  current  amplification 
(inverse  current  gain)  will  be  discussed  separately  in  PART  II. 
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(b)  Tables  of  Data. 

Table  2  is  constructed  from  the  data  on  Table  1,   In  this  table 

,y  ,  Y 

A  Is  included  for  checking  purposes  only,  because  the  values  of  A  obtained 

directly  from  the  y's  is  too  inaccurate,  since  it  involves  the  subtraction 
of  two  quantities  of  the  same  order  of  magnitude:  A  =  y-,-]y9ri   -   y-|pyp-i 

y 

The  values  of  A  are  better  determined  by  the  formulas s 


Ay  = 


y 


11 


r  +  r 
C    B 


or 


Ay  = 


y 


12 


(6) 


which  do  not  involve  differences,  but  demand  direct  measurements  of 
(r^  +  r-J  or  of  r^.  The  two  formulas  (Eqs.  6)  are  theoretically  equivalent, 
but  in  practice  the  error  involved  in  the  first  one  is  somewhat  smaller  as 
shown  by  the  following  approximate  analysis j 

The  emitter  terminals  are  not  really  open;  in  fact,  the  output 

impedance  of  tra.nsistor  Tn  (see  Fig,  5)  is  even  relatively  low  (wi»th 

respect  to  its  normal  values)  due  to  the  large  currents  (and  consequently 

small  voltages  forced  by  maximum  dissipation)  under  which  it  operates. 

Then  a.  small  current  i  will  be  present  a,t  the  emitter  of  T  ,  which  will 

Ji  X 

cause  an  error  in  the  measurements  of  both  r^  and  (r_  +  r  ),  since  we  are 
neglecting  its  existence. 


i  «  i. 


i 


Figure  6.   Approximate  Equivalent  Circuit 
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From  Fig.  6,  we  have: 

VC  =  (iC  '  V(rC  +  rB}     and     VE  =  rB  (iC  "  1E)  "  VE 

So  that: 

t  y  Vc         .  „        VE  +  Ve 

(r  +  r  )  = r-        and     r  = 3 

C    B    ic  -  iE  B   ic   iE 

Or,  by  way  of  approximation 

V  V 

C1  E 

The  values  we  will  use  are:   (r_,  +  r_)*  =  - —  and  r  '  =  -r— 

C   B    xc     B   xc 

So  that,  since  r  '  z   r   : 

i  i       i* 

^rC  +  rB}  *  (rC  +  V  (1  +  i!  }   and  rB«  rB'  [1  +  TZ   (1  +  rT  )] 

C  U        B 

And  the  relative  errors  will  be,  approximately 
(r  +  r  )  -  (r  +  r  )'    i  r   -  r  *    i       r 

r*  ~  H-    +  v  )< -~  T    and  S  w  "T""1 —  •«  t-  (1  +  r-  )    (7) 

CB        (rc  +  rB)         ic       B     rB      iQ      rB 

Consequently, 

GB*  £CB  (1  +  rf  >  >  1'e"  £CB<eB  (8) 

B 

We  therefore  select  the  first  formula,.   It  is  ea.sy  to  see  from 
the  tables  that: 

(a)  The  values  furnished  by  this  formula,  are  closer  to  the 

y 

values  obtained  for  A*7  from  the  y  parameters . 

(b)  The  second  formula,  tends  to  produce  smaller  values  for  A 
(about  10$  smaller). 


-9- 


Table  3  presents  the  measurements  of  current  vs .  voltage  in  the 
open  emitter  configuration  as  explained  in  No.  3-  Table  k   is  obtained  from 
Table  3-  Table  5  is  just  an  intermediate  step  to  Table  6,    which  is -our  final 
result. 

The  formulas  used  in  the  calculation  of  the  tables  are  shown  below 
for  completeness: 

Table  1   -  f  v  =  0;  i  ,  v  ,    v    directly  measured 

v  =0;  I_,  ip,  v    directly  measured 


Table  2 
(from 
Table  l) 


711  =  v 


v2=0 


'yi2   v2 


V° 


A  =  yix  y22  -  y12  y21 


"y2i  ==  v. 


JOO   ""  -,,■ 


t2=0 


22   v 


v  =0 


Table  3 


i  =  0;  1_,  v  ,    i    directly  measured 


Table  k 
(from 
Table  3) 

Table  5 


Vl|  V2 

B   i2l   ^      C    B   i2 


i1=0 


y. 


y00  +  yno   from  Table  2;  Ay  =  - — 

22    12  '      t„  +   r 


<  yi2  "  y21 


yil  +  yi2 


C    B 
from  Tables  2  and  k 


Table  6 


r  = 
E 


y22  +  y!2 
A^ 


and 


y!2   y21 
yil  +  yi2 


,    from  Table  5 


r  and  r  from  Table  k. 
B  C 
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OrTRIES   (volts 

and  ma) 

- 

absolute  rallies              »     . 

Ot     input  l  j  t. 

*  0:     Input  t 

with 

input 

X/.io 

2   101 

-▼     (Tolta) 
C    0.50 

0.75 

1.00 

h      5 

.,5         .*95         .00395 

.495. 

.00395 

.495 

.00390 

A 

(») 

.0111   .0114       .10 

.104         .0108 

.0102 

.0105 

10 

.495         .0O258 

.495 

.00256 

.495 

.00254 

1 

.025^  .0260 

.0230       .0233 

.0222 

.0227 

| 

15 

.1*92         .00230 

.495 

.00205 

.!*95 

.00203 

.228     .233 

.0420       .0427 

•  0372 

.0380 

E 

20 

.485         .003^0 

.495 

.00207 

.495 

.00180 

.895     .910 

.260         .268 

.0660 

.0685 

/ 

\ 

25 

.U70         .  001*70 
1.29     1.32 

.485 
.790        .805 

.00320 

.295 

.495 
.300 

.00215 

\ 

30 
Rote  change   in 

V2 

.450         .00500 
.148     .157         .01 

.475 
.123         .127 

.00430 

.079 

.485 
.081 

.00303 

35 

.430         .00470 

.455 

.00500 

.475 

.00420 

.118     .137 

.140        .147 

.114 

.118 

» 

c 

4o 

.403         .00315 

.440 

.00523 

.458 

.00502 

: 
3 

Too  Uhstable-Supersat. 

.138         .150 

,    -"2 

.138 

g 

45 

.365          .00142 

.415 

.00495 

.440 

.00540 

Ej 

.30      .15         .01 

.115         .135 

.135 

.145 

1 

50 

.335          .00137 

.405 

"7x537? 

.430 

.00545 

.282      .106 

.013         .06 

.130 

.1U3 

55 

.315          .00135 

.365 

.00130 

.415 

.00525 

r-*H 

.248     .0770 

.440         .266 

.105 

.126 

60 

.295         .00148 

•  325 

.00093 

•  390 

.00360 

:H 

.190     .0685 

.465         .245 

.  -013™ 

.043 

\ 

t 

' 

65 

.277         .00152 

.305 

.00123 

•  330 

.00033 

L 

.164     .083 

.325         .130 

.820 

.493 

70 

.265         .00154 

.285 

.00125 

.305 

.00065 

.148     .098 

.280        .860 

.530 

.270 

75 

.255         .00152 

.270 

.00134 

.290 

.00100 

V 

.134     .112 

.235         .071 

.360 

.146 

0 

80 

A 

.245         .00154 

.262 

.00138 

.278 

.00117 

M 

.122      .132 

.204        .074 

.302 

.105 

85 

.235          .00152 

.250 

.  00142' 

.265 

.00123 

I 

■H 

.117     .134 

.184        .081 

.264 

.075 

§ 

90 

M 

.230         .00154 

.240 

.00146 

.255 

.00130 

0) 

^O 

.110     .147 

.170         .092 

.237 

.070 

95 

.220         .00153 

.230 

.00148 

.245 

.00136 

.103     .153 

.160        .100 

.218 

.071 

100 

.215         .00154 

.227 

.00148 

.235 

.00143 

\ 

.100    .160 

.145         .110 

.195 

.078 

\ 

1 

Table  1.      Short  C 

'lrcult  Measurements 

- 

11- 

EWTRIES: 

y 

y's   In  mv't  /SJ 

In  (nnr) 

yll 

-yl2 

-vc 

(volts) 

"y21 

V                            A7 

y22            A 

0.50 

0.75 

1.00 

h 

20 

147.1 

8.95 

(na) 

142.7 

9.10       62.0 

25 

106.3 

12.9 

156.2 

7.90 

232.5 

2.95 

100.0 

13-2       115.0 

151.5 

8.05 

6l.O 

230.0 

3.00 

20.0 

30 

100.0 

l4.8 

116.2 

12.3 

165.0 

7.90 

90.0 

15.7       268.0 

110.5 

12.7 

115.0 

l60.0 

8.10 

89.O 

35 

116.3 

11.8 

100.0 

l4.0 

119.0 

11.4 

91.5 

n.7      S16.0 

91.0 

l4.7 

197.0 

111.0 

11.8 

117.0 

1*0 

95.6 

13.8 

99.7 

13.2 

84.2 

15.0 

272.0 

91.3 

13.8 

171.0 

45 

101.0 

11.5 

92.6 

13.5 

fl^.fl 

n.s 

4oo.o 

fti.s 

its 

5>U?.n 

50 

91.7 
78.9 

13.0 
14.3 

299.0 

55 

95.2 
79.1 

10.5 
12.6 

368.0 

60 

138.8 
108.3 

1.3 
4.3 

456.0 

Table  2.     y-parameters  from  Table 

1 

yil^lvo 

y12       v2 

vl"° 

*2 

"y21       v 

v2=0 

*2 

y22   ~  v2 

v1=0 

A    =  yily22   "  • 

^12y21 
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ENTRIES:   i_  in  ma;  v  in  volts  (absolute  values) 


*2 

vl 

-V   (volts) 
0.50 

0 

•  75 

1.00 

IF  (ma) 
E   20 

.0425    .0074 

25 

.1175   .01325 

.380 

.0064 

.0100 

.0019 

30 

.232    .0155 

.102 

.0138 

.0395 

.0063 

35 

.332    .0117 

.182 

.0152 

.094 

.0107 

40 

.272 

.0158 

.170 

.0147 

^5 

•  34o 

.0124 

„240 

.0160 

50 

.298 

.0149 

55 

.390 

.100 

6o 

.600 

.087 

Table  3. 


Open  Emitter  Measurements 


i  and  v  with  1-1=0  and  v  =  0,1  volts 


•13- 


.  Entries:  Q, 


rB   (rC  +  rB) 

-V  (volts) 
L        0,50 

0.75 

1.00 

IE      20 

174.0    2350 

(*)  Inaccurate 
*  Unstable 

(ma)    25 

112.8    851 

168.4    2630 

(*) 

190.0   10000 

30 

66.8    431 

135.2     980 

159.5      2530 

35 

35-3    301 

83.5     5^9 

113.8   io64 

4o 

56.1     368 

86.5    588 

45 

36.5     294 

66.7    kij 

50 

50.0    335.5 

55 

25.6*   256.5 

6o 

14.5*   166.5 

Table  4, 


r_  and  (r  +  r_.)  from  Direct  Measure- 
B       C    B 


ments  on  Table  3 • 


rB  =  i 


1 


Neglect  this  row 


2 
-14 


>   (rc  +  V  =  r 
i  =0  2 


i1=o 


ENTRIES:      y's   in  mv;  Ay  in   (mv)' 


yn+yi2    yi2"y: 

y22+yi2     ^         • 

,x       -Vc  (volts) 
0.50 

0.75 

1.00 

IE       20 
(ma) 

138.1          133.7 
0.15           62.5 

25 

93-4            87.1 
0.30         125 

11*8.3        143.6 
0.15         59-4 

229.5        227.0 
0.05        23.5 

30 

85.2            75.2 
O.90        232 

103-9          98.2 
0 . 4o      119 

157.1        152.1 
0.20        65.2 

35 

104.5            89.7 
1.9           385 

86.0          77.O 
O.70      182 

107.6       101.6 
0.40     112 

4o 

81.8          70.4 

1.2          260 

86.5          78.1 
0.60     170 

45 

89.5             72.3 

2.0        344 

79-1        68.1 
1.0        222 

50 

78.7          65.9 
1.3        272 

55 

84.7        68.6 
2.1       371 

1 

y 


Table  5.   Intermediate  Step  for  Table  6;  y's  from  Table  2;  Ay    = 

with  (r  +  r^.)  from  Table  4 
L,  si 


y 


11 


B 
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ENTRIES:      r's   In  0;    I     In 


o 


(volts) 
0.50 


0.75 


1.00 


20 


25 


2.4 


■  967 


19.2 


2.4 


113 

»23J. 


2.5 


168 


.2iuL 


8Mb *a6S_ 


2^ 


2.1 


9610. 


190 


glbJ 


30 


3.9 
364 


66.8 

,883        29.2 


3A 
845 


135 
.946 


29.4 


3.1 

2370 


160 
.968 


29.6 


35 


4.9 


35.3 
^S58_ 


-ttJL 


3.8 
JfiL 


83.5 
.995 


3>.Q 


3.6 

950 


114 

•945         34.4 


40 


JU- 


4.6        56.1 

aa     -66i 


38,g 


3.5 

jffiL 


86.5 
-£03 38JL 


45 


50 


41.0 


5.8        36.5 

257         -807 


42.6 


4.5 
J29_ 


44.9 


46.7 


4.8 
286 


66.7 

.862 43.* 


50.0 

.838        47.4 


55 


JOA. 


jo^. 


5.7 

22k. 


25.6 
.810 


JLi 


Table  6.  Final  Results:  r 


y22  *  y12 


E 


and  a 


y12  *  y21 

yll  +  yl2 


,  Prom  Table  5 


Obs. 


*  I  directly  measured  and  r_  and  r_  fjfom  Table  4. 

Hotice  that,  since  y   «  -y^,  y22  +  y^   is  a  small  number,  and  the  accuracy  obtained 
for  r_  is  very  poor.  Of  course  r„   should  be  measured  in  a  more  direct  manner  if 
accurate  values  are  desired.  But  here  we  are  only  concerned  with  a  first  approxima- 
tion to  r_,  because  it  is  a  relatively  unimportant  parameter  with  respect  to  satura- 
tion. The  important  parameters  (in  this  order)  are  r_,  a  and  r„,  which  have  been 
measured  as  accurately  as  possible. 

So,  assume  an  error  of  +  20#  in  the  values  of  r„.  All  the  other  parameters  are 
presented  with  an  experimental  error  of  approximately  +  5#. 
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(c)  Graphs 

Graphs  1  to  k   present  respectively  rg,  r^  a   and  r  vs  I_,  with  V 
as  a  parameter. 

Graph  5  is  made  for  the  purpose  of  comparison.  The  curves  on  the 
left  hand  side  are  r_  vs.  I  and  a   vs.  I  ,  and  it  is  clear  that  the  variation 

C         £i  hi 

(degeneration)  of  r  exceeds  by  far  that  of  a.  The  curves  at  the  right  hand 
side  represent  r  vs.  I  . 

(d)  Empirica.l  Formula,  for  r 

We  can  see  that  an  empirical  formula,  can  be  used  to  calculate  r 
approximately  from  3  points: 

rc  «  A(lE)"b  +  r°  ...  (9) 

One  measurement  a.t  very  high  values  of  I_  would  furnish  r  ;    two 

XL  u 

measurements  at  moderately  high  values  of  1^  would  furnish  A  and  b;  a.  third 

hi 

measurement  at  moderately  high  values  of  I  could  be  made,  if  necessary,  to 

hi 

insure  that  the  va.lues  obtained  are  correct  (as  a,  check  to  the  formula.,  and 

to  insure  all  measurements  have  been  ma.de  in  the  saturation  region) .   Since 

only  approximate  values  are  desired,  I  could  be  used  instead  of  I_,  with 

C  hi 

essentially  the  same  results. 

A  and  b  are  seen  to  be  functions  of  V_,.   So,  if  we  wish  to  find 
r  a.s  a  function  of  both  V     and  I  ,  we  need  A  and  b  vs .  V  .   However,  a,  some- 
what  easier  form  to  use  would  be 

(10) 


Graphs  6  show  how  I  and  b  vary  with  V   (6a.  and  6b  respectively).   In  our 

.A.  O 

case,  for  example,  we  find  from  Graphs  6: 

From  6b:   b*  ^x2  C   =  k   x  e°'693 


From  6a:   I.  «  1.27  x  X~ 


A*   x^'  A  ^e   C"23  (11) 

-IT- 


Grsph  1 
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Qr&pfa  fcT 


Graph  3i; 
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Graph  5 


L,  (units  of  10  ma) 


—  Measured 

_  Extrapolation  (Expected) 


I  (units  of  10  ma) 


-efe- 


Qrifca* 
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which  are  the  empirical  formulas  valid  in  the  interval 

0.50  <  |V J  <  1.00 
u 

So,  we  suspect  that  under  saturation  the  parameter  r  would  in  genera.1  obey 
an  empirical  formula,  as  in  Eq.  1  above,  with 

|vcl 
b  -  B  •  © 


VB 

h  '   D  •  lge  -vj-  <12) 

If  this  is  so,  four  measurements  would  give  us  the  four  constants 
B,  V_.,  D  and  V^,  and  a.  fifth  measurement  would  furnish  r  ,  the  bulk  resistance 
of  the  collector. 

However,  since  the  formula  is  empirical,  only  mathematica.l  analysis 
or  statistical  data,  would  prove  or  disprove  it.   No  doubt  it  holds  to  a  good 
approximation  for  our  sample  case. 


6.   Theoretical  Analysis 

The  following  analysis,  made  for  an  idealized  one -dimensional 
transistor,  does  not  take  geometry  into  account,  and  so  we  cannot  expect 
quantitative  results.   However,  it  should  provide  good  qualitative  explana- 
tion of  the  experimental  results . 

(a.)  Time -Independent  Solution 

The  time -independent  diffusion  equation  for  holes  in  n-region 
is,  in  the  one -dimensional  case: 

o  d  Pn(x)    _         o  o  ,   N 

L -  p-  (x)  =  -p   ...  where  p   is  the  thermal        (13) 

p      2     ^n  v  '    *n  *n 


dx 


equilibrium  hole  density  in 
the  n-region 


■2k- 


The  boundary  conditions  in  the  case  of  the  n-type  ba,se  of  a.  p-n-p 
transistor  are 


p"  (a) 

n 


p"  (o) 
n 


TV 

o    ^ 
P  e 
n 


o  nVE 
pn  e 


where  "a."  is  the  base  width 

v  a.nd  v  are  respectively 

the  voltages  across  emitter 

and  collector  junctions,  and 

the  constant  r\   is  ri   =  77=- 

kT 


(l*a) 


(lift) 


The  solution  to  the  differential  equation  13  is:; 


p   (x)  =  A  sinh  7—  +  B  cosh  7—  +  p 
*n  x  '         L  L     n 


(15) 


Considering  the  boundary  conditions  we  have: 


Hv 
1  E 


nvT 


From  l4b:   p  (0)  =  B  +  p  =  p   e    =  D    B=p°(e    -  l) 


n    n 


q  s        o       o      ^ 

From  l^a:   p  (a)  =  A  sinh  7—  +  B  cosh  7—  +  p  =  p  e 
n  L  L     n    n 

P  P 


A  sinh  7—  +  p 
L     n 


^E  a 

(e    -  l)  cosh  —  +  1 


So 


A  = 


WC     ^E  a, 

e    -  (e    -  l)  cosh  —  +  1 


sinh 


TlV 

'   C 


Hence: 


p  sinh  7—  +  p   (e    -  1)  sinh  7— 
n      L     n  v  L 

P"  (x)  =  B J 


sinh  — 
J_j 

-  p 


T]V 


p  (e    -  l)  (cosh  7—  sinh  —  -  cosh  7—  sinh  — ) 


sinh  7— 

J_j 

P 
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Or,    finally: 

o/C       ,n      ,  ,    x  o /■        E       ,x      .  .    a  -  x 

p   (e  -   1)    smh  —  +  p   (e  -   1)   sinh  — = — 

n  L  n  L 

p"  (x)  =  p°  +  £ 2-    (16) 

n        '  n  .   .    a 

sinh  — 
ij 
P 

(b)     Time  Dependent  Diffusion  Equa.tion 
The  diffusion  equation  is: 

o 
d  P  (x,t)  dp „(x,t) 

L2  2_5 t     — P   (x,t)   =   -p°  (17) 

P       a.x2  p       at 


Suppose  that  the  boundary  conditions  are  of  the  form: 


vE  =  vE  +  vE   ;   vc  =  VC  +  VC   '   where  the  symbols 

and   indicate  re- 
spectively DC  and 
alternate  components 


So  that,  if  v_,  <•'•■<  v„  and  v.  <  <  v  ;  with  p(x,t)  =  p  (x)  +  p"(x,t): 

iL  Jlf  \j  \j  1 


,n+^  o^E  ^     o    ^E  O   ^E 

pj0,t)   =  p  e        •    e         2  p  e         +   r)p  e 


p   (a.t)    =  p     e  •    e         ~ p  e         +   rrp  e  v.. 

n     '  n  n  ^n  C 


i.e.  —  — 

Pn(0,t)   =  p°e     E  (1  +   tjve)    =  D       pn(0,t)    =T|P^e     *    ■   vE      ...      (l8) 


Pn(a,t)   =  p°e     C   (1  +   tjvc)    =  D       p~(a,t)    =  T)p°e  .  vc      ...      (19) 
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If  we  subtract  the  time -independent  differential  equation  from 
the  time -dependent  differential  equation  we  get: 

P  *  Pn      bVn         ~  (20) 

P  ax2     P  Ot   ^n 

(c)   Solution  of  the  Time  Dependent  Equation 

We  can  drop  all  indices,  for  simplicity,  and  solve  the  following 
equation  under  "boundary  conditions: 


L  j%  -  T  ||  -  p  -  0  (21.) 

OX 


jw  t  jw  t 

p(0,t)  =  C^e  ■  ■  ,  p(a,t)  =  C2e  *  (21b) 


and  keep  in  mind  that:   p=p(x,t),L=L  and  T  =  T  , 

n  p  p 

The  equation  is   separable,    so  we  get;    with 
p   =  X(x)    •   T(t) 


2  1  dfx         .1  oT    -   1  =  0 

X  -x  2    "   TT  5t 
ox 


A 

T—  -vt"  =  K     ;      L     —  ^ — p    -   1   =  K     ,      K  =  a  constant , 

'X 


1  OT  2   1  OX 

■  T  oT  "  K    ;     L    X  J 


Jwt.    then:    ...  (22) 


Let  T  =  e°      ,    then:    . . . 


|=JueJ-=D  4*^.-.k=^ 
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,       T2lA       1         .         .    _         I   VI  +  Jvr  x 
So      L     —  — -  =14   jwt  .    .  X  =  e 
a.  ■n    d. 
OX 


/  /  C  +  a      C1  -  a  \ 

Using  the  formula   ^a  +  jb  =  +  (  7 — - — '■  +   j  — = — '■)  ,    C  =  |a  +  jb 


we  will  get: 


|l  +  jwT |  =  + >  1  +  w  t   =5;  and  obviously 5  >  1. 


+  V(8  +  l)/2  x  +  .     >/(8  -  l)/2 
So  X  =  e  V    L  L      '        ...        (23) 


And  since  any  linear  combination  of  XT  is  a  solution,  the  general 
solution  is: 

x_  j(w  t  -  x)    +  x   j(w  t  +  x) 

p  =  Ae   e  +  Be   e  + 


_  £_  j(w2t  -  x  )    +  x_  j(w2t  +  x_) 
+  Ce   e  +  De   e  ...        (2*0 


where     \.  =      L    ,  p.  =      L    ,   5 .  =  VI  +  w2  T2  ,  1=1,2  (25) 


,fi?    y 


5.-1 

1 


(d)   Periodic  Boundary  Conditions 

To  satisfy  the  boundary  conditions,  we  ca.n  put  the  expression 
into  a,  more  convenient  form  by  rearranging  the  constants: 
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p  = 


ik  +  'Bx      +( 


lr-+  J  Sr^X, 


Klxe  +  K12e 


j^t 


e  + 


K2]_e  +   K22e 


jw0t 


=  Px(x,t)   +  p2(x,t) 


(26) 


And  modify  our  boundary  conditions  : 


p(0,t)  =  Gie 


j^t 


jw1t 


f  p1(0,t)  =  Cle   X   ;    Px(a,t)  =  0 


become 


< 


P(a,t)  =  C2e 


j^t 


P2(0,t)  =  0  ;   P2(a.,t)  =  c2e 


j^t 


(27) 


Hence: 


.7la      +7la  x      x 

Kll  +  K12  =  Cl  and  Klle  "   +  K12e  "   =  °'  Vlth  71  =  ^  +  J  ^ 


Solving  for  K,  -,  and  K,  p  we  get  : 


Ku  = 


+  - 


Cle 


7xa 


i      K, 


-7a 
C,e 


2  sinh(7  a)   '   ^12    "  2  sinh^a) 
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So: 


P,  =  c 


sinh  [71(a  -  x)]  .^ 
1    sinh  (7, a.) 


(28) 


Analogously: 


-7  a     +7 
K2]_  +  K22  =  0  and  K^e  <   +  K^e  <   =  Cg,  with  7g  =  -  +  J  i- 


furnish 


K 


21    "  2  sinh  (7pa) 


K22  :  +  2  sinh  (7a) 


And 


sinh  [7   x] 
P2  =  C2  sinh  (7ga) 


(29) 


And  the  final  solution  is,  with  p  replaced  by  p 


j^t  jWgt 

C   sinh  [7x(a  -  x)]  e       C2  sinh  [^gx]  e 

P  (x>t)  =  •  ^  U, — *\ +  ■  ,  / \-  (30) 

^nv  '  '  sinh  (7na) 


1 


sinh  (72a) 


(e)   Admittance  Parameters 
With 


a.nd 


C0  =  T}p  e 
2    '  n 


o  ^c 


V, 


VE  =  VEe 


JWjt 


a.nd 


vc  ■  vce 


jw2t 


(3D 
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we  have: 


n 


O  ^E  n   ^C 

TPn  e   J  sinh  [7-^a  -   x)]   ^   T}p°  e   '  sinh  [  7£x]   ^ 

X't}  = sinh  (7la) VE  +  sinh  (7^,)    '    VC      (  32  } 


Since  the  current  density  J  (x,t)  is  given  by: 

XT 


J  (x,t)  =  -qD  3 ,   v 

p  Pox  (33) 


we  get: 


T]vE       cosh   C71(a.   -  x)      ^  T]VC        cosh   [7^]      ~ 

Jp(x,t)    =  +qDpr,pO  e        7X  slnh   (yi&)     vE   -   qDp11pO  e        7g   slnh   (  ^ )   vQ 

(3*0 


Consider  that : 


*V<  ^  -  P^  (35) 

where  S  is  the  area  of  the  base  a.nd  P  a.nd  p  are  respectively  the  emitter 
and  base  junctions  dynamic  resistances  if  these  junctions  were  isolated, 
i.e.,  they  are  the  dynamic  resistances  calculated  from  the  diode  equation 
when  independently  applied  to  ea.ch  junction. 

Also,  since  i  =  SJ  a.nd  if  i  ~  i  (neglecting  electron  currents 
P     P  P 

from  the  base  into  emitter  and  collector),  we  get  the  admittance  parameters 

from  the  pa.ir  of  equations: 
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^V  a     ~   ^(w2) 


a. 


E  p         C  p 


^V  a     -   ^V  a 

i   =  -  — g-  csch  [|(w  )  r  ]  V  +  -^—  coth  [|(w  )  •  -  ]  V 

Ml  p      Ml  p 


Because  i  =  i(0,t)  and  i  =  -i(a,,t) 


/5.  +1      /5  -  1 

there  £(w.)  =  U.  *  ^  X  g   +  j  v/  X  g   ,  1  =  1,2 


If  w  =  w  ,  i.e.,  if  only  one  signal  source  is  applied,  then 


|  =  |(w)  and  we  can  write: 


yll  =  +  ^  5  eoth  [2-  |]     J     y12  =  -  ±_  |  csch  [f-  51 


ysl  =  -5-t  =Bch[a-u        ,        y£2=  +  i-5  «*htf-|]     (37) 

ii        p  (-*        p 


1  +  jwr 
A^-V^   .  ft  P  (38) 

PEPC        PEP0 


We  should  point  out  here  that  these  equations  are  just  a.  first 
approximation,  since  the  early  effect  is  not  taken  into  account.   In  fact, 
the  junction  depletion  capacitances  are  not  considered,  and  the  modulation 
of  base  spread  resistance  with  variation  of  ba,se  width  under  small  signals 
is  also  neglected. 

These  effects,  however,  can  be  very  important,  so  we  should  bear 
in  mind  this  restriction  on  the  validity  of  the  above  equations . 

-32- 


(f )   Equivalent  Circuit  Parameters 

The  equations  below  furnish  the  equivalent  circuit  parameters 

for  a  T -model,  common  base  configuration.   Symbols  r  ,  r  and  r^  represent 

iii        B  C 

bulk  and  contact  resistances: 


y22  +  yi2  o 

z     =  +  r 

E  Ay  E 


yi2  o 

zt,  =  -  +  ^z 

B  Ay  B 


yil  +   yi2  o 

c  Ay  c 


a 


y!2        y21 
yll  +  yi2 


(39) 


Substitution  of  the  y-parameters   in  the  above  equations  yields 
(see  Fig.   7): 


In  general: 


with  wrp  <  <  1,    then: 


^E  o 

ZE   "  2L     +   rE 
P 


(ho) 


a'PE  O 

r      =  +  r_ 

E       2L  E 
P 


(lK)a) 


(Notice  that   z      is   a,lwa,ys   real) 
E 


LpPE  O  ,,,-v 

ZB   =  a(l  +   jwxp)   +  rB    •'•    ^ 


LPPE  O 

rB   =  ^—  +  rB 


(Ma) 


(PC   -  pE)Lp  a  o 

ZC   "  a(l  +   jwr    )   +   PC2L     +  rC 
P  P 


rn  =  p 


_P_   ,     -a  P 


G        MC  a         2L 


E  a 


(te) 


or 


(tea) 


rC  S    (pC    "   PE}    a^  +   V 


since  a,  <  <  L 


(teb) 
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a 


l  + 


P 


(*3) 


(1  +  jwTp) 


E 


2(1  .-f) 


a  = 


1  + 


P 


E 


2  (1  -   f) 


(^3a) 


E 


H 


C 


O- 


O- 


E 


<z, 


z  -< 

B 


P 


J— WW — o 


ai 


E 


o 


Figure  7-   T-Model  Approximate  Equivalent  Circuit 
for  Common  Ba,se  Configuration 

As  shown  below,  with  the  following  approximations:   sinh  (x)  z   x; 
2 
cosh  (x)  «  1  +  —  ,    if  |x|  <  <  1 


ZE  ;:  P 


cosh  [—  I]  -  1 
I) 

E  i  sinh  [£-  el 

P 


i  +  r§(f- 1)2] 

P 

P 


+  r„  = 
E 


a     ° 
P  +  r 

HE  2L     E 
P 


(to) 


■3t- 


1  O  1  o 

ZB  =  PE    J      — Ti      M    +  rB  «  PE      /a      v       +  rB 

P  P 


PE  a(l  +   jwt  )  B 

P 


(f- 1  r 

PC    C°Sh    [L"  i]    -    PE  P      -    P.        P     -*- 


O  C  E  C        2 


z      _  ± +  r     ps +  +  r_ 

C  £sinh[f-|]  °        i(f-l)        i(S-i) 

p  p  P 


'J  _ 


|PC    "jpE)    Lp    ,    p     j^  +  r°        ...      (k2) 


a(l  +   jwr    )  C  2L 

P  P 


—  csch  g-  |]  -  —  csch  [|-  I]                           _ 

a  _  Ps  LP  Pc  LP                     Pc       PE 

^coth  [2_|]  -§-.sch  [£-|]  Pc    cosh   [|-  |] .-    PE 

E  p  C  p                                       p 


& 


PC  "  pE 


1  ,a   -  ^ 


(pc-pE)+^  5-6)    pc         (r  ) 

1+        -n>,(l+^p)      (^3) 


<*  -  S 


pc 


(g)   Dependence  of  r  and  oc   on  ft.  and  p  .   (wT  <  <  l) 

C  ill      C      p 

-T)v~  _T]V"" 

E  C 

Notice  that  (see  Equations  35)  P-™  =  Ke   J  and  P  =  Ke   ,  so 

Jli  L 

really,  P  and  P  represent  just  a.  transformation  of  variables  from 
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VE-y   PE  (VE}  *^\~>   pC  (VC}" 


Also,  Pn    -    p^  =  K(e    -  e    )  ...  (kk)   and  -^  =  k  =  e   ^       . 
C    E  PE 

PC  "  PE  =  V*"1*      ...  (k6) 


Now  let  us  write  both  r   and  a  as  functions  of  p  and  k: 

0  E 


P 


.„   1   k   /a  v  2 


if  ~ 


_  (-.)  -<<x  ...  (48) 


2  k 

P 

a.nd  so  we  must  a.ssume  k  >  >  1 

Observe  that: 

1st)  r  depends  both  on  p  and  k,  but 
0  E 

2nd)  a  depends  on  k,  and  is  independent  of  p  . 

Assume  P  is  held  fixed  (v  is  fixed),  and  change  k  (v  is  changed). 

Then,  for  values  of  k  >  >  1  (true  on  saturation,  a.s  long  as 
v  <  0),  it  is  obvious  that 


L  L.   %„  -nv 

r 


,-PIJ(k-l)-PI^(.  E-e  °-l)  ...  (49) 


i.e.,  r   decrea.ses  exponent ially  when  v  — >  0,  v  <  0 


a-1-ir4T(r)2*i-|(r>2-  -  (50) 

P  P 

i.e.,  o;  remains  essentially  constant  as  long  as  k  >  >  1. 
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In  general,  as  k  decreases  (v  — >  0,  v  <  0),  r  decreases  by 

L/  w  U 

orders  of  magnitude  while  cc  decreases  of  a.  few  per  cent. 

However,  after  the  value  of  k  "becomes  comparable  with  unity,  this 
situation  changes.   For  this  range  of  k  we  must  write: 


rC  -  "e^*-  l)   +r°0    ■■■    (51)  *^a~-  1   I        „ ,  ,  2        <52> 


1  +  =■ 


1  VL  ; 


2  k 

P 

We  see  that  as  k  — >  1,  k  >  1,  r  — >  r  and  cc  — >  0,  so  we  con- 
elude  that  the  relative  change  of  cc  for  small  k  becomes  larger  than  the 
relative  change  of  r  .   Nevertheless  it  is  easy  to  see  that  this  situation 
is  difficult  to  arise  in  practice  since  k  — >  1  implies  v  — >  v  ;  the 
measurements  taken  show  that  a   is  never  too  small  in  normal  saturation,  even 
in  a  region  where  r  is  essentially  equal  to  r  . 

The  whole  discussion  should  be  summarized  by  noticing  that 


L 
(P  _  p  )   _£ 

a   _   C    E;  a 


p 


i.e. 


a  = 

t 

ZG 

a, 

Pe   2L 
P 

T 

zc 

(5M 


Since 


i   (^  "  Pj 


L 
P 


0         J!l     S>         1-8.  /   r-  c-  \ 

ZC  =  (1  +  jwT  )   +  2  PC  IT  '••  (55) 

P  P 


Then,  if  wT  <  <  1,  a  is  almost  equal  to  1  as  long  as  z  >  > 

P    g 

C  — ,  which  is  true  if  P  >  >  P   an  inequality  that  holds  even  at  fairly 
p  C      E 
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deep  saturation  levels,  when  z   is  orders  of  magnitude  less  tha.n  its  value 

in  normal  operation. 

t 
So,  the  parameter  r  (or  rather  z  )f  is  the  main  cause  for 

the  degeneracy  of  transistor  properties  with  saturation;  in  fact,  with 

increasingly  saturating  conditions  z  short  circuits  the  current  source 

cti  while  the  va.lues  of  cc  would  otherwise  (even  at  fairly  deep  saturation 

levels)  still  allow  a,  useful  transistor  operation. 

(h)   Behavior  of  r  and  r 

B        E 

The  "behavior  of  r   is  qualitatively  accounted  for,  since  r   is 
B  B 

proportional  to  p  ,  and  consequently,  a.  decreasing  function  of  v  ,  hence  a, 
E  B 

decreasing  function  of  I  .   However,  the  "behavior  of  r  is  not  accounted 

B  B 

for  by  this  very  simplified  analysis.   It  is  worth  noticing  that  increa.se 
in  the  value  of  "a,"  (the  "base  width)  due  to  Early  effect  could  explain  the 
increa.se  of  r  with  deeper  saturation  levels. 

We  would  like  to  call  attention  to  the  fact  that  the  relation  of 

r  to  Pp  is  very  wea.k,  in  the  sense  that  not  only  the  va.lues,  but  even  the 

orders  of  magnitude  are  different,  and  clearly  rS,  plays  a  role  as  important 

B 

as  P  in  the  value  of  r  . 
B  B 

Besides,  if  we  take  Early  effect  into  account,  a.  different  analysis 
must  be  made,  so  the  expressions  for  the  various  parameters  would  be  some- 
what modified.  This  analysis  is  carried  out  in  Section  7  of  Part  II,  and 
the  results  show  that,  even  though  all  other  parameters  are  indeed  modified 

"by  Early  effect,  r  is  not,  and  hence  the  present  expression  (ho)   remains 

B 

valid.   We  must  then  conclude  from  experimental  fact  that  the  increase  of 

"a"  due  to  low  collector  Biasing  voltage  and  high  emitter  Biasing  currents 

must  Be  large  enough  to  offset  the  effect  of  decreasing  p  }   Besides,  as  is 

shown  in  the  next  section,  B  also  decreases  with  saturation:  since  B 

'   P  P 

appears  not  only  as  explicit  denominator  in 

a,0E 


2B  ' 
P 

But  also  in  the  numerator  of  the  expression  for  p  itself  (see  Eqs.  35), 

ill 

it  has  no  effect  on  r  .   OBviously  if  these  considerations  aBout  "a"  and 

E 


1!T    It 


B   are  applied  to  r  its  decreasing  character  is  stressed. 
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As  a.  last  observation  we  should  point  out  that,  in  order  to 
explain  the  values  found  for  r  and  r  ,  we  would  have  ( in  order  of  magnitude 
only): 


P   -,  r£        a. 

\  T  m 10  x  iT  % 
p 


hence, 


L 

-2  M  10. 

a. 


and,  from  values  of  r  or  r  ,  for  example, 


P_,  *  ion. 

E 


(i)  Variation  of  L  and  T 
P      P 

It  is  worth  noticing  that  L  does  not  remain  constant  with  satura. 

P 


tion;  in  fact, 


L  =  +  /D  T  (56) 

p      V  p  p 

for  a.  non-degenerate  case  (quasi -Fermi  levels  in  the  forbidden  band)  D 
depends  only  on  the  crystal  structure,  but  T  depends  also  on  the  majority 
carrier  concentration: 


1_ 

1 
n 


t  =  -A-  (57) 

P   pn 
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r  is  the  recombination  factor  and  n  =  n  +  (P  -  P  ),  because  of  charge 

n    n   x  n    n"  to 

neutrality.   Hence 


r[(n  -  P  )  +  p  ] 
n    n     n 


(58) 


But  p  <  <  n  :  if  p  <<n  also,  then  T  is  constant  to  a,  good  approxima- 
rn      n  _   *n      n     '       p  to     ^ 

tion,  but  as  p  increa.ses  to  values  comparable  to  n  ,  i     decreases. 
'        *n  *  n'  p 

In  general  we  have  then: 


D 

^ (59) 


r[(n  -  p  )  +  p  ] 


i.e.,  L  decreases  towards  deeper  levels  of  saturation.  The  large  bia.sing 

ST 

base  currents  seem  to  imply  that  T  (and  L  )  are  orders  of  magnitude  smaller 
than  in  normal  operation. 

From  Table  6,  for  example,  we  see  that,  for  I  =  55  ma  and  V 

ill  G 

=  -1.00  volts,  I  =  51.7  ma,  i.e.,  I_.  =  3  =  3  ma. 
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We  have  the  relation: 


x  =  a 


h-*  I    %yta  (60) 

x  =  0   » 

i  .e . 

x  =  a 

IB  =  qSr    J         [(n°  -  p°)  +  p~(x)]  p^x)  dx  (6l) 

x  =  0 

Where  q  is  the  electron  charge,  S  is  base  area,  and  a.  is  ba.se  width  and  p  (x) 

is  given  by  Equation  l6. 

For  a.  convenient  average  value  p  of  p  (x)  with  respect  to  x,  we 

can  write: 

O    o\  -    -  21 
1   -  P  )  P..  +  P..  h 


In  =  qSar 


(r£  -  p°)  P„  +  p"L  (62) 


B        -   n    n   n 


■   n    n   n    n  r 
I  J 


Solution  of  (62)  for  p  would  furnish  T  and  L  ,  which  are  effective  va.lues 

rn  P      P 

of  T  and  L  throughout  the  base  of  the  transistor,  and  are  obtained  by 

P    _  P 
entering  p  instead  of  p  in  equations  (58)  and  (59)« 

It  is  easy  to  see  that,  if  I  increa.ses  by  orders  of  magnitude, 

B 

then  p  must  become  larger  than  (n  -  p°):  so,  T  and  L  must  decrease 
n  v  n    n "        '      p      p 

accordingly. 

It  is  interesting  to  notice  that,  for  very  large  values  of  p  ,  say 


p  >  >  n°,  we  would  have 
*n      n' 


p     B  and  p   ^B       (63) 


Eventually,  this  can  invalidate  the  often  used  approximation 

=—  <  <  1:  also,  these  variations  of  L  influence  the  behavior  of  the  para- 
L  p 

P  * 

meters  the  following  way: 
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Notice  (Equations  35)  that 


-TJV, 


PE  =  K  '  Lp  '  e 


(6k) 


■T)V, 


and  P^  =  K  •  L   •  e 
C        p 


(65) 


where  K  =  (qD  T)p°S) 

p  n  ' 


(66) 


Then,  from  Equations  kO-k-3,    we  get: 


ZE  =  2  Ke 


KL  e 


+  r 


E 


z_  = 


B  "  a(i  +  jwT  ) 


+  r 


B 


ZC  = 


K(e  C  -  e  E)  L2    -T)V( 
a(l  +  Jv*  ) E+Ke 


And  from  Equation  (5*0, 


a  = 


Jc 


Ke 


C  a 
2 


1 


has  its  growth  with  I  still  (67) 

E 

unexplained,  but  difficulties 
are  not  worse  than  before. 


its  reduction  with  I_  is 

E 

even  sharper . 


a    o 

—  +  ru 
2    C 


its  reduction 


with  I  is  even  sharper 


its  decrease  with  I„  con- 

22 

tinues  to  be  small  with 
respect  to  that  of  z  „ 


(68) 


(69) 


670) 


And  finally,  we  should  point  out  that  the  base  width,  a,  also  changes  with 
saturation  levels,  due  to  Early  effect,  a.nd  this  should  also  be  considered, 
In  fact,  a.  increases  with  saturation  level,  a.nd  this  fact  should  explain 
the  growth  of  zy   with  IL,  when  it  occurs. 
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The  value  of  a  is  given  by 


5+5 
EC 

a  =  ao — 

where  a.A  is  the  total  width  of  the  n-region,  and  5  and  5  ,  for  the  case  of 
the  GF-^5011  are  given  in  Equations  12  and  13  of  Part  II  of  this  report. 
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PART  II 


SUPERS ATUR AT ION 


1.   Introduction 

It  ha.s  been  observed  that  under  certain  pa.irs  of  high  va.lues  of 

emitter  biasing  current  I  and  low  values  of  collector  biasing  voltage  V 

h,  C 

applied  to  mesa,  type  transistors  GF-45011  and  S-l66,  a.  sma.ll  amplitude 
alternate  current  fed  at  the  collector  may  control  a.  larger  current  in  the 
emitter  circuit.   (See  Table  1.) 

The  following  ha,s  been  observed  about  this  inverse  current  gain: 

(a.)   It  depends  on  the  load  at,  the  emitter.   Under  resistive 
load  conditions,  gains  a.s  high  as  7  or  8  have  been  observed;  gains  of  60 
or  70  (a.t  the  resonance  frequency)  have  been  observed  in  the  ca,se  of  a 
100p.f  capa.citive  loa.d;  under  short  circuit  conditions,  if  a,  ma,ximum  ga,in 
is  attempted,  the  system  becomes  unstable . 

(b)  The  gain  (of  course)  depends  on  frequency;  in  the  case  of  a. 
resistive  load  it  is  a.  typica.l  low-pass  characteristic,  falling  at  6 

db /octave  a.fter  cut-off  frequency;  however,  with  a,  capa.citive  load,  it 
presents  a,  typica.l  resonance  characteristic.  The  natura.l  frequencies  are 
low  (order  of  1000  cps). 

(c)  The  phenomenon  depends  very  critically  on  the  values  of  V 
a.nd  I  ,  i.e.,  it  occurs  at  a,  determined  "saturation  level",  a.nd  for  deeper 
saturation  levels  the  output  emitter  currents  become  very  small  (about  l/3 
of  input  collector  current).   It  also  depends  on  the  sample  very  strongly, 
i.e.,  with  a  sample  a  ma.ximum  ga.in  of  8  is  obtained,  while  with  the  same 
load  another  sample  will  furnish  a,  maximum  gain  of,  say,  2. 

It  is  larger  with  the  GF-^-5011  than  with  the  S-166,  and  occurs 
at  less  deep  saturation  levels  with  the  former  than  with  the  labter. 

Other  types  of  transistors  were  tried,  and  it  was  found  that 
the  output  emitter  current  would  pass  from  the  regular  saturation  value 
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(about  98$  of  the  value  of  the  input  collector  current)  directly  to  the 
degenerate  values  of  about  l/3  of  the  input  collector  current  without  any 
region  of  gain  larger  than  one. 

(d)  The  circuit  used  to  measure  the  phenomenon  is  shown  below 
(Fig.  l)  in  simplified  form  (biasing  circuits  eliminated): 


Measure  of  i 


Figure  1.   Measurement  of  Supersaturation  Effects 

It  was  noticed  that  instability  would  occur  for  low  values  of 

resistive  load,  at  some  regions  on  the  I_,  V.,  plane. 

EC 

Also,  when  stable,  the  ga.in  is  negative  (except  for  the  usual 

phase  shifts),  with  the  reference  directions  shown  in  Fig. .1. 


2.   Attempted  Explanation  Neglecting  the  Early  Effect 

Then  we  can  use  the  expressions  found  in  Eqs .  37  and  38  of  Part  I 
for  the  y -parameters  a.nd  the  formula: 

■45- 


and  get; 


E  L2  o 

GT  =  t—  =  ,    where   z_  =  zT   +  r„  (l) 

I        i-  AY  '  E  L  E  v    ' 

C  Z       °r     +    V 

E  ^22 


csch   J  I  —1 

o  =  -  _ e_  (2) 


8   -^  +  coth  [  65-] 
p 


Pe 


^sinh  [  ifv]   +  cosh   [  t|— 1 
E  p  p 


if   |  e&-|  <<  i,  sinh  r  ef-]  a  e£- 

p  p         p 


i ,  a 


cosh  [JW  «1  +  |g    "'(&-) 


Then? 


G 


I  ^  z._a, 


E  p  p 


2 
But     i     =  1  +  jwT  ,    so: 

XT 


G 


I  /        az_  2N  /azw  2  > 


Or,   replacing  jw  by  s: 
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GI  = 


,a     EN  a      ,a.  Es  a. 

P     E   p  j      p 


(3) 


vC*s 


It  is  clear  that  from  Eq.  3  we  will  always  have  |G  |  <  1 


3.   Interpretation  through  the  Early  Effect 

If  the  Early  effect  is  taken  into  account,  the  spreading  resistance 
of  the  base  can  be  expressed  a.s: 


RB 
o+o 
EC 


w 


where  a._  :  base  width  if  no  depletion  layers  existed. 

5     5   :  width  of  emitter  and  collector  junctions  depletion  layers  (respec- 
_hj  and  c 

tively) . 

R   :   a  parameter 

Under  saturation  conditions  5„  and  5^  are  small  compared  to  a._,  and  so  we  can 

EC  0' 

write,    from  1: 


5+6 
„    O         O     E  C 

r     a  r  „   +  r. 


B  B  B       2a 


(5) 


0 


Where  5  and  5  are  the  alternate  components  of  5  and  5  when 
Jli       C  EC 

alternate  small  signal  voltages  are  present  across  the  emitter  and  collector 
junctions . 

For  this  small  signal  case,  5  and  5  are  proportiona.l  to  the 

hi  C 

negative  of  the  voltages  across  the  respective  junctions,  so  that  2  becomes: 


r  =  r   -  k_v   -  k  v 
B    B   HE  EB    C  EC 


(6) 


where  k  and  k  are  positive  proportionality  constants 

ill        u 
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The  equivalent  circuit  of  the  transistor  is  then  as  in  Fig„  2, 
>  ) 

where  z  and  z  now  include  the  depletion  capacitances  of  the  respective 
EC  ~ 

ctl 
junctions.  E 

ZE 

^ A 


E 

vw- 


J^v 


EB 


i-vW O 


CB 


1 


z;. 


B 


J 


"Veb 


VCB 


Equivalent  Circuit  Including  Simplified  Early  Effect 


Figure  2.  ^  =  ^    \\    ?E     J  \  =   *c 


ZB  =  ZB 


z„  .  z_  and  z  as  given  in  Part  I,  where 


effects  of  base  storage  capacitance  are 
already  included. 


+  i_  and  i_=  i_  +  ln,    and  neglect- 


Then  we  have,  with  i   =  i   .  ^   «*"-  -„ 
ing  quadratic  forms  (second  harmonic  components): 


VCB  =(lC  +   ^C 


and 
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V^B   =   VE        ~h   (Z1  +   rE}    "    UE+   ^B  (7) 


+   (iE+   ic)    [kc   (i~  +  ai~)z^  +   kj,^] 


So  tha.t: 


*1!    [ZL  +   ZE  +   ZB    "    XB   (VE  +  aVc)]    =    "^    [ZB    "    VcZC] 
And  hence: 

-  _J±  -  B  B   C   C  /  o\ 


4.   Expanded  Expression  for  G 

The  parameters  of  the  T  equivalent  circuit  obtained  in  Part  I  are 
repeated  "below  for  convenience.  We  consider  only  the  effects  of  ha.se  storage 
capacitance  since  the  depletion  capacitances  are  much  smaller;  also,  the  cir- 
cuit configuration  indicates  that  the  effects  of  the  latter  should  be  negli- 
gible at  the  frequencies  considered  and  biasing  conditions  since  C  and  C^ 

1      1  E      C 
are  practically  short  circuited  by  the  small  impedances  z  and  z  respec- 
tively.  In  fact,  we  should  consider  the  modulation  of  the  ba.se  storage 
capacitance  by  the  Early  effect  by  replacing  w  in  the  parameter  expressions 

5-r-i  +   $~  ** 

EC  *" 

with  w^  - and  take   into  account  the  modulation  of  &•     and  5„  with  v„  and  y„ 

0      2  E      C       E      C 

respectively.   If  the  signa.ls  are  small  and  the  frequencies  are  low,  as  they 
indeed  are,  this  would  be  a  small  perturbation  on  the  solution  of  the  time 
dependent  diffusion  equation,  so  it  would  be  an  acceptable  approximation. 
This  refinement,  however,  would  complicate  our  solution  without  any  real 
advantage,  since  we  wish  only  to  show,  in  a  qualitative  manner,  that  the 
modulation  of  base  width  indicates  the  possibility  of  inverse  current  ampli- 
fication in  the  case  of  highly  saturated  transistors.   The  simplified  model 
of  considering  a  modulated  base  resistance  instead  of  all  effects  of  modu- 
lated base  width  is  entirely  satisfactory  for  this  purpose. 
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The  parameters  ares 


,  ^_E  ,   o  '  E      o 

ZE  "  2m  +  rE  "  rE  >        ZB  =  1  +  T  s  +  rB 

P 


1    (pC  -  PE)?1  PC  2{PC   -   PE} 

z_  a»  z_,  =  - +  7T-       ;        en  = : 

C          Cl+Ts  2m  '                o/                 %              l/nrP\ 

p  2(pc  -  p    )   -  Pc-   (1  +  T   s) 

m 


PC  "  PE 


zi-  (i  +  t  s) 

Cm      p 


(9) 


Hence  % 

1     (pC  "  PE^m  \ 

zn  OL  =  —z ,  with  m  =  —  and  s  was  substituted  for  jw, 

Cl  +  Ts'  a 

P 

Substitution  of  Eqs„  6  into  5  yields,  in  the  case  of  z  =  r_ : 


mp 


E     o 


£j_       u  /    C E  _  \ 

1  +  T  s   rB  "   B  C  {    1  +  T  s   f  PC  2mj 
G  =   P_ P  ^___^ 

1  o     mPE         ^E        (PC  "  PE)m 

rL  +  rE  +  rB  +  1  +  T  s    BT!  2m  "   B  C  1  +  T  s 

P  P 


multiplying  both  numerator  and  denominator  by  1  +  T  s  and  rearranging  terms 
we  get : 

k~P~  ..  k„p 


f   r  _  ,     /  x-,  r       o  CHCQ      r    o        _        CMCi   „. 

|m[pE  -    IBkc(pc  -  pE)]  [+  rB  -    IB  — ]}+   [rB  -    IB  — ]   Tp 

(mCpE   "    Vc^C   "    PE)]    +    [rL  +   rE  +  rB   -    IB"lr]}+    [  rL  + 


s 


T      -J-2]    T    s  (10) 

B     2m         p 
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5.   Qualitative  Discussion  of  G 


(a)  Notice  first  that,  if  r  were  instead  - —  }    depending  on  the 

Lj  o_  s 

values  of  the  coefficients,  we  could  ha.ve  a,  pair  of  complex  poles  on  the  left 
half  plane  and  then  G  would  have  the  characteristic  of  a  resonance  curve. 

(b)  With  rT  itself,  Eq.  10  is  of  the  form: 

Li 


Gi  = 


A  +  B  +  BT  s 

P_ 

A  +  C  +  CT  s 
P 


(11) 


with  A,  B  and  C  all  functions  of  saturation  level  through  parameters  such  a.s 
]_,  k.p,  k  ,  P  ,  p  and  even  m;  all  are  real  and  can  be  either  positive,  nega- 
tive, or  zero;  they  are  not  independent,  really,  since  geometry  of  the  tran- 
sistor, doping  levels  and  biasing  conditions  determine  all  of  them,  and  from 
these  variables  only  the  biasing  conditions  can  be  controlled  with  a  given 
sample.   Hence,  given  a.  transistor,  there  are  only  two  degrees  of  freedom 
for  the  three  variables,  namely  I  and  V  . 

However,  we  do  not  have  these  dependences  explicitly  in  Eq.  7 } 
so  we  will  just  assume  that  A,  B  and  C  can  assume  arbitrary  values  and  see 
what  happens  to  G  in  ea.ch  case: 


Signals  of 
ABC 


Conditions 


G  J        Conditions 


sgnG. 


+     + 


+     + 


B|  >  |C 

b|  <  |c 

A|  <  |C 

A|  >  |C 

a+b|  > 
a+b|  < 


A+C 

A+C 


> 

1 

< 

1 

> 

1 

unstable 

> 

1 

< 

1 

|B|  <  |A| 
|B|  >  |A| 
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UNIVERSI 


Signals  of 


Conditions 


Conditions 


sgnGn 


A |    |c|   |A+B|  >  |A+C|  >1 
|a+b[  <  |A+C|  <  1 

|A|  >  |C|    unstable 


I  |A|  <  |B| 
I  |A|  >  |B| 


Same  conditions  and  values  of 

'i 


|G  |  and  same  values  of  sgnG. 


as  their  negatives 


So,  all  combinations  would  possibly  agree  with  the  experimental 
results,  as  far  as  having  a  gain  larger  than  one.  Two  more  experimental 
facts  narrow  down  the  possibilities:   (i)  Since  no  zero  of  G  was  mea.sured, 
we  a,ssume  that  |b|  <  <  |c|  ;   (ii)  with  a.  resistive  load  and  at  low  fre- 
quencies the  ga.in  is  negative.   So  only  two  possibilities  remain:   + 
and  -  +  +  combinations,  with  |b|  <<  |c|  ,  |a|  <  |c|  ,  | A+B |  >  |A+c|. 

So  the  expression  does  imply  the  possibility  of  a.  ga.in  larger  than 
one  with  the  characteristics  observed. 

It  is  seen  that  the  situation  in  which  this  happens  is  a.  very 
critica.l  one,  so  that  it  may  or  may  not  occur  with  a.  given  type  of  tran- 
sistor. 

Besides  magnitude  and  signal  at  low  frequencies,  frequency, 

response,  i.e.,  effect  of  z  is  also  qualitatively  accounted  for;  low  cut- 

A  +  C 
off  frequency  comes  from  the  fact  that  |G  |  >  1  =>  — ~- —  must  be  small. 

P 

The  fact  that  increasing  r  decreases  |GT|  is  obvious  from  Eq.  7>  in  any 

ca.se.   Instability  is  also  accounted  for  by  the  possibility  of  a.  right 
half  plane  pole  for  some  conditions „ 

We  should  point  out  that  the  measurements  of  supersaturation 
inverse  gain  wa,s  by  no  means  exhaustive,  and  it  is  possible  that,  at 
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different  operating  points  the  signal  of  the  gain  would  be  reversed,  or  the 
frequency  response  modified  by  the  inclusion  of  a.  zero  (possibility  of 
larger  values  for  |b|). 

6.   Quantitative  Example 

Expression  (8)  is  more  suitable  than  (10)  for  a.  quantitative 
example.   The  constants  k^  and  k  ca.n  be  obtained  from  the  following  rela- 
tions for  the  depletion  layer  width  5 : 

/2K-VB)  \l/2 

Abrupt  junction:   5£  =  (_—— -^  (12) 

/l2e(-Vc)\l/3 

Graded  junction:   5  =1  * 1  (13) 

(Obs:   Considering  that  in  the  GF-^pOll  the  emitter  junction  is  abrupt 
and  the  collector  junction  is  graded). 


Where:   VE  =  V^  +  v£  +  vE  ,  Vg  <  0 


VC  '  VDC  +  VC  +  VC  '  VC  <  ° 


V_„,  V^  =  diffusion  voltages  a.cross  the  emitter  and  collector 
DE   DC  . 

junctions  respectively;  in  general  we  have,  with 


respect  to  the  base.- 


P° 

V   =  ^  In  (-£)  (14) 

D   q      pO7  v  ' 

P 


So  that  V  <  0 


£  =  dielectric  consta.nt  of  the  crystal 

q  =  electron  charge 

ru^  n  =  donor  and  acceptor  concentrations,  respectively,  a.t 
the  n-side  and  p-side  of  the  abrupt  junction. 

v  =  rate  of  change  of  impurity  concentration  across  the 
junction:   ^(x)  -  n.(x)  =  Vx,  for  a.  graded  junction, 
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(See  Spenke,  Electronic  Semiconductors,  Chapter  IV,  Sections  9>  10) 
So  that,  if  5  =  5  ;  +  5,  and  if  |8  [  <  <  5  }    we  can  approximate: 


d& 

d^vy 


&  =  -  ^-^   v 


We  ha.ve,    in  ea.ch  case,    then,    since   -V   =    |v|    in  both  cases, 


5      =   -  -   (   ^ )  v         V     =  V       +  v  (IS) 

e  2  ,  S,    -,  /  E  '      E  DE  E 

^q(nD   "  W 


1     /    12€     N1/3      ~         - 

Bc""K^w  vc,Vc=Vdc+vc  (i6) 

o      ~      ~ 
And  since  rB  =  rB  -  k^  -  k^, 


but  also  rB  =  r^r^  (5^  +  S~)' ^r-  (l7) 

E    C 
a0      2 


we  conclude  that:  With  = ^—  =  — r 

SE+5c      a0 
a0 a-         ° 


or: 

O 


rB      /  2£  X1/2 


kj.  =^r (18) 


fc      ±  Sj2i  N  ^  (19) 


6ao     \?Vlvcl 


At  deeper  saturation  levels,  |V  |  a,nd  |v  |  decrease  (especially 

Hi  U 

|V  |,  which  is  large  in  normal  operation)  and  k_  and  k  become  large. 

I  increa.ses  from  a  few  u-amperes  to  a,  few  m-amperes,  i.e.,  3  to 
B 

k   orders  of  magnitude. 

The  values  of  a  have  been  shown  not  to  decrea.se  too  fast. 

Let  us  assume  the  following  values  for  the  parameters  appearing 
in  (8)  (educated  guesses  with  the  a,id  of  Table  6  and  the  graphs): 

zE  =  rE  =  5-7H  ;  zB  =  rB  =  kOQ  •    r^  =   35«  ',    ^  =   10fl 

z'    =  zt   =  5fi   ;  z'  =  100^     ;  a  =  0.8  j  I_  =  5.0  ma 
ill     iL  U  B 

Some  simple  calculations  derived  from  available  data,  on  Ge  dif- 
fused junction  mesa,  transistors,  indicate  the  following: 

20 
(i)   Emitter  doping  level; :   n  z  10   =  D   k  will  be  very 

small  A 

o 

(ii)  Collector  junction:  o~  nn  ~  100  =  D    n  «  7  x  10 

Coll  p    ' 

17  17 

(iii)  Base  doping  level:  ■   m  a  10   =  D   n  «  10  ' 

(iv)  Diffusion  voltage  across  collector-ba.se  junction:   (ii)  and 
(iii)  and  Eq.  ik   yield: 

kT    nn 
V^  =  —  lu  —  =>  V^  x   -0.5  volt, 
D   q     n      D  ' 

P 

with  respect  to  the  base, 
(v)   When  V  =  -10  volts,  5 <     =  h   x  10 "   cm;  taking  5n   =  K^|V  | 


we  obtain: 


-fef3^-°-u 


Assuming  that  at  supersaturation  the  potential  difference 
across  the  collector-base  junction  is 
volts,  we  get  for  the  depletion  layer: 


across  the  collector -base  junction  is  small,  say  V  =  0.01 


6-,  «  h  x   10  y  cm, 


which  is  negligible  with  respect  to  the 
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(vi)  base  width:   a,,  s  1.5  x  10   cm  sj  a' 
(vii)  From  this  data,  we  get: 

rc 

,      B   K .  35  x  2 .__ 

6a.Q  |v  |  n  6  x  1.5  x  (o.oi)  ll5 
And  substitution  of  numerical  values  into  (8)  yields: 

1+0-5  x  10"3  x  170  x  100         kO   -  85     45 


GT   = 


1  10+5  +  J+0-5x  10"3  x  170  x  100  x  0.8  13 

i.e.,    GI  s  -3.5 

This  calculation  is  meant  to  be  just  an  example  to  give  us  some 
idea,  about  the  orders  of  magnitude  of  the  numbers  involved.  An  accurate 
calculation,  or  even  a,  first  order  approximation  is,  at  this  point,  a.  very- 
difficult  task.  Even  if  the  exact  impurity  profile  of  the  GF-U5OII  (and 
S-l66)  were  known,  we  would  still  have  to: 

(i)   Obtain  the  expression  for  G  in  its  true  three  dimensional 
basis,  rather  than  the  simplified  one  dimensional  analysis  used  here. 

(ii)  mea.sure,  somehow,  the  "true"  va.lues  of  the  T-model  equi- 
valent circuit  parameters,  since  the  ones  measured  in  this  paper  are 
affected  by  an  undetermined  error  due  to  the  Early  effect,  as  will  be  shown 
in  the  next  section;  this  would  be  especially  difficult  to  do  at  the  actual 
amplifying  operating  points,  since  there  the  perturbations  introduced  by  the 
Early  effect  become  first  order  phenomena,  rather  than  perturbations. 

(iii)  Calculate  k  ,  k  and  T  as  accurately  as  possible,  which 

El  Li  P 

could  be  a.  fa.irly  difficult  ta.sk,  since  the  first  two  quantities  depend 
very  critically  on  the  voltages  a.cross  the  junctions,  and  these  are  not 
constant  and  difficult  to  determine  accurately,  and  the  latter  quantity 
is  "some"  average  value  of  T  ,  which,  on  its  turn,  depends  on  the  minority 
carrier  distribution  throughout  the  base,  a.  function  of  position  which 
would  be  very  difficult  to  find  accurately,  since  it  would  depend  on  the 
(not  constant  in  spa.ce)  impurity  concentration  and  solution  of  the  result- 
ing non -linear  diffusion  equation. 

-56- 


So,  in  this  section,  we  have  only  used  first  order  approximation, 
aiming  at  a.  result  correct  in  order  of  magnitude,  which,  surprisingly  enough, 
came  to  be  correct  to  a  first  order  approximation. 

7.   Influence  of  the  Early  Effect  on  the  Measurement  of  Parameter  Values 

We  will  consider  only  a.  low  frequency  case.   Due  to  the  Early 

effect,  the  transistor  beha.ves  approximately  like  the  equivalent  circuit 

shown  in  Fig.  3-   Hence,  if  we  assume  an  equivalent  circuit  as  in  Fig.  k, 

the  values  we  obtain  for  the  parameters  must  reflect  the  Early  effect. 

This  means  that  r^,,  r_,,„  r_,..  and  cc  will  differ  from  r^,  r„,  r^  and  a   by 
EM'   BM'   CM      M  E'   B'   C       . 

quantities  Ar    Ar  ,  Ar  and  Ace  which  will  in  fa.ct  reflect  the 
E      B      C 

(neglected)  presence  of  r  . 

B 

We  would  like  to  have  an  idea,  of  how  the  neglecting  of  r  affects 

B 

the  measured  values  r^.,.    r_,„.  r_..  and  jl.   of  the  "true"  parameters  r„,  r„, 

EM'   BM'   CM      M  ^  E'   B' 

r  and  a. 


a± 


E 


o — yA/V «> — sAA^ — *-VV^ — o 


EM 

o — AAA- 


o- 


E 


Q^i-r, 
M  E 


CM 


BM 


CM 

*m—. — 


Figure  3.   Approximate  Equivalent 
Circuit  Considering 
Early  Effect  as  Repre- 
sented by  r~  only 
B 


Figure  4,  Assumed  Equivalent  Circuit, 
with  Parameters  Modified  by 
Early  Effect 
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To  do  this,  we  split  the  circuit  of  Fig.  3  into  two  series  con- 
nected two-ports,  as  shown  in  Fig.  5,  and  calculate  the  z  parameters  of 
the  two -port  in  the  bottom,  shown  separately  in  Fig.  6. 


~l 


E 


E 


a  i„ 


e 


o— ww — yw-f-Ay — m// — q 

1  Y„ 


o- 


+ 


B 


v   =  V   =  V 

1    2 


Figure  5°   Series  Connection  of  a  pair  of 
two-ports  equivalent  to  the  cir- 
cuit of  Fig„  3 


Figure  6.   Two-port  used  to 
represent  Early 
effect  alone 


The  z -parameters  here  are  somewhat  artificial,  but  serve  our  pur- 
pose; they  are  defined  by  assuming  that  i  and  i  follow  separate  paths, 
and  obtaining 


V  =  "llS  +  Z12XC  =  Z21XE  +  Z2ZXC 


(20) 
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We  have  shown  in  Section  3  (see  Eq.  6)  that 


i'      =  -k  v   -  k  v 
B     E  E    C  C  * 


(21) 


where  v_.  and  v  a.re  the  alternate  voltages  respectively  across  emitter  and 
E      C 

collector  junctions  only,  not  external  emitter  and  collector  volata.ges. 
So: 


^  INI  J 

v   =  -tr  i  and  v   =  -i-r  ( i  +  C^i 
E     E  E      C     Cv  C     E' 


(22) 


And  consequently: 


•(Ve  +  °Vc}iF  "  V'^O 


(23) 


Since  v  =  I  r  ,  where  I   is  the  absolute  value  of  the  base  bia.sing  current 
B  B         B  M 

and  second  order  terms  (  i„r  and  i  r  )  have  been  neglected,  we  get:      (2*0 

E  B       L  J3 


v    =  "We  +  ^kcrcJiE  '  VcVc 


(25) 


and  hence: 


\±   "   Z1~2    =    -VKErE+   (Vc) 


Z21   ~   Z22    "    _IBkCrC 


(26) 


And  the  z  -parameters  of  the  upper  two -port  of  Fig.  5  axe 


Zll  "  rE  +  rB  '  Z12 


Z21  "  rB 


QrC  '  Z22  =  rB  +  rC 


(2?) 


The  z -parameters  of  the  complete  circuit  are  thus 
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Zll   =   Zll  +   Zll   =  rE  +   rB 


"    V  VE  +  °Vc> 


J12 


Z12  +   Z12 


We^Vc1 


Z21  =   Z21  +   Z21 


r     +  Qir      -   "  k  r 
B  C  B  C   C 


(28) 


>  ~  1 

Z22   "   Z22  +   Z22   "  rB  +   rC    "    Vcfc 


Since  r     =  r     +  v   ,    and  we   can  assume  rr*  to  rema,in  unchanged,    in  order   for 

\j  w  U  Kj 

the  circuit  of  Fig.  h   to  have  the  same  z-parameters  as  the  circuit  of 
Fig.  3)    we  must  ha.ve: 


Z  =T*  -h     Y*  Z  =     Y* 

11  "EM         BM  '      12   ""     BM 


7  =     Y*  H-     Q-T*  7  =     Y*  4-     Y* 

21  BM  CM' '      22  BM  CM 


(29) 


And  then  we  get  successively,   by  comparing 


r       =  r 

EM         E 


r        =  r 
BM  B 


1  1 

r        =  r 
CM  C 


CM  C 


xb(¥e  +a  kcrc> 


I^k^   -    (1   -  a)kcrj) 


1  + 


h 


OLT~ 


V 


-  (1 


aVc 


a 


M 


1         ZB 

rc 


[Vl   "    (1    "   ^Vc       J 


> 


(30) 
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And,  in  the  case  where  k„r   is  negligible  with  respect  to  factors 
in  k  r  (here  we  assume  (l  -  Of)  is  not  too  small,  i.e.,  under  saturation) 
we  have: 


rEM  "  rE  ;  rBM  *  rB 


h   akcrc 


CM 


rC  -  V1  ""Vc  ■•    r?M 


=  r. 


a 


M 


=  OL 


1  -  1  ^  (1  -a)kc 

1  "  h   (1  "  a)kc 


(3D 


It  should  be  worth  noticing  that  if  the  values  of  k^  and  k  were 

known  to  a  fair  approximation,  the  "true"  parameters  r  ,  r  ,  r  and  a  could 

hi      a      c 

be  calculated  from  the  inverse  of  Eqs.  (30)or  (31). 

Our  a.im,  however,  is  to  have  an  idea,  of  how  our  measured  para.- 
meters  compare  with  those  we  use  in  equations  such  as  (8)  or  (10),  or  still, 
the  theoretical  formulas  as  presented  in  Eqs.  (^-0)  to  (^3)  in  Part  I. 

We  notice  that,  in  general,  the  Early  effect  leaves  r  unchanged, 
reduces  r  ,  changes  r  by  some  positive  or  negative  quantity  and  changes  a 
by  a  factor  which  can  be  greater  or  less  than  one. 

And  in  our  particular  ca,se,  at  deep  saturation  levels,  and  with 
negligible  factors  in  L,r  ;  r  rema.ins  unchanged,  r  and  r  reduced,  and, 
if  £j  L  (l  -  a  )k  <  1,  a  is  slightly  decreased. 

The  strongest  effect  is  the  reduction  of  r  ;  the  Early  effect 

1 

is  taken  care  of  by  an  equivalent  negative  resistor  (  -1_  cc  k  r  )  in  series 

with  r_,  so  It  is  easy  to  see  that  the  effective  ba.se  resistance  r^,,  can 
B  BM 

attain  negative  values;  the  effect  on  r  is  also  strong  but  not  so  much, 

since  it  is  seen  that  k  would  have  to  reach  values  close  to  1000  in  order 

for  the  effective  collector  resistance  r^,,  to  be  negative:   The  effect  on 

CM 

o;  is  generally  negligible. 
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As  a.n  example,  assuming  the  same  parameter  values  of  the  pre- 
vious section,  we  would  have  mea.sured,  according  to  Eqs.  31 


rffl  =  5.7^  Compare  to:  r£  =  5.7a 


r^„  =  (1+0  -  68)  =  -28ft  v     =  l+0fi 

BM  7  B 


r^M  =  100   -  17  =  83fi  rj  =  ioofi 

1    -   0.21 

aM~0-8  1  -  o.iT  =  °-75  a  =  0.8 
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Transistor  Specifications 

Type:  Western  Electric  GF-U5011  (or  the  equivalent  Texa.s  Instruments  X-310) 
Both  satisfy  the  following  specifications: 


BV 


CB 


CBO 


Initial 

Test  Conditions 

Specifications 

h  =  ° 

>  -30  Vdc 

I   =  -100  uAdc 

XE  =  0 

<  -5.0  uAdc 

VCB  "  "20  Vdc 

End  of  Life 
Specifications 

>  -25  Vdc  at  -500  uADc 


<  -10  uAdc  at  -20  Vdc 


DC(1  -  a) 


I„  =  10  ma.  DC 
E 


CB 


■k   Vdc 


<  .0^ 


<  .06  at  10  ma  DC 
-h   Vdc 


EB 


I  =  10  ma.  DC 

vCB  =  -k  vac 


.30  -  .U5  Vdc 


.30  -  .50  Vdc  at  10  ma  DC 
-kV&c 


BV 


EB 


"D 


1-   =    -100  uAdc  >  -k.5  Vdc  >  -*Kl  Vdc  at    -500   uAdc 


VCB   =  ° 


h   =  ° 


VCB   =    -10  Vdc 


<  2.0   uf 


same 


fe 


I„  =  10  ma  DC 
E 


V 


■10  Vdc 


CB 

f  =  100  Mc/sec 


>  8  db 


same 


I„  =  10  ma.  DC  <  l^Ofi 

E  — 

Vn^   =    -10  Vdc  >  100  ft 

La  — 

f  =  250  MC/sec 


same 


P 
Where: 


25  C  ambient 


>  200  mw 


same 


BV   =  base -collector  breakdown  voltage 
Ltj.  =  "open-emitter"  collector  current 


DC(l  -  «)  =  (l  -  a)  for  DC  conditions  i.e.,  I^/l„ 

C   E 

-63- 


V—.  =  emitter -base  forward  drop 

-CjB 

BV   =  emitter -base  breakdown  voltage 
iiiii 

C  =  collector  depletion  layer  capacitance 

ex 
h   =  grounded  emitter  forward  current  gain,  i.e.,  AC       at  given  fre- 
quency in  dk. 

r'  =  ba.se  spread  resistance 
P  =  collector  dissipation 


Derating:   The  ma,ximum  collector  dissipation  allowed  to  a.ccount  for  tem- 
peratures up  to  k-0   C  (ambient)  is  120  mw.  The  maximum  emitter- 
ba.se  breakdown  voltage  actually  used  in  ILLIAC  II  circuits  is 
3.2  volts. 
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